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Strongly disordered phaseStrongly repulsive phase

• Mott-Anderson Hamiltonian with periodic boundary condition is employed

• The Hamiltonian is solved within Hartree-Fock approximation. The solutions are consistent with DFT and 
DMRG.

• Construct phase diagram via analyzing (1) topological entanglement entropy  (TEE) [4], (2) edge charge 
correlations and (3) existence of fractional charges.
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• Topological order is a new phase of matter beyond Landau theory [1].
• Zigzag graphene nanoribbon (ZGNRs) [2] displays topological order due to interplay 

between on-site repulsion and disorder [3].

• A phase diagram of ZGNRs is computed as a function of on-site repulsion, doping 
concentration and disorder strength.

Phase diagram
i) Red: topological order
ii) Blurred red: crossover phases (COI and COII)
iii) White: non-topological order
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Undoped case  
• TEE decreases as disorder strength increases
• Fractional charges exist but with less accuracy
• Edge charge correlations are absent

(δN = 0) Electron doped case  [6]
• TEE decreases as doping concentration increases
• Quantized charge deviates from 1/2 and DOS mid-gap 

peak disappears with increasing doping concentration

(δN ≠ 0)

Crossover phase I (COI)

• Fractional charges are ill-defined due to large overlap
• There are charge transfers between two edges, but the correlations  

are not at the same abscissa  as in TO phase.
• Edge charge transfer results in non-zero fluctuating TEE
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Features
• Fractional charges are ill-defined
• There is a huge gap in the DOS
• Trivial TEE β = 0

Features
• Site occupations fluctuate wildly
• Edge antiferromagnetism is destroyed
• Trivial TEE β = 0
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5. Crossover phases and non-topological phases 
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FIG. 2. Dashed line: The exponentially small soft gap with
α ∼ 1/

√
"s near the Fermi energy of the tunneling density of states

of an interacting disordered zigzag graphene nanoribbon. Solid line:
The hard gap, ", of the tunneling density of states of an interacting
zigzag graphene nanoribbon in the absence of disorder.

free system, we found β ≈ 0. Note that, in this case, a
hard gap exists in the DOS and no zero-energy zigzag edge
states exist, as shown in Fig. 2. However, in the pres-
ence of disorder, the method for computing the TEE from
Eq. (1) is not accurate: the data we obtained display sig-
nificant disorder fluctuations that depend on the size of the
system.

We use another method based on a rectangular ring to
compute Stop = 2β given in Eq. (2). Since the whole rib-
bon is topologically ordered [6,7], we can divide the system
into a rectangular ring that lies well inside the ribbon and
the rest of the ribbon. However, a careful analysis is re-
quired to reduce finite-size effects, see Jiang et al. [21]. For
this purpose, we adopt the partition of the ribbon shown in
Fig. 3 [20]. We apply this method to compute β of inter-
acting disordered zigzag ribbons. To compute β, one must
use a thick and large rectangular ring. The width of the ring

FIG. 3. Different regions of the ribbon used in Eq. (2) to compute
the TEE. Vertical lengths are measured in number of horizontal
carbon lines and horizontal lengths in number of vertical carbon
lines.
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FIG. 4. TEE β of an interacting disordered zigzag nanoribbon
is computed using a rectangular ring with different ring widths w.
Each point represents a different value of (U,$). In (a), the ring
width, ribbon length, ribbon width are, respectively, w = 7, L′ =
260, W = 112. The side lengths of the ring are lzig = 221 and larm =
46. In (b), they are w = 4, L′ = 200 W = 64, lzig = 161, larm = 28.
The number of disorder realizations ND are, respectively, 10 and 20
in (a) and (b).

w = wzig = warm should be larger than the correlation length
ξ . (In zigzag ribbons, the correlation length ξ ∼ h̄vF /" is of
the order of the lattice constant, estimated from the size of
gap ∼2 eV [8] and the Fermi velocity vF ). When the width
increases, the size of ribbon and the ring must be increased
at the same time. As a check on our method, we computed
the TEE of a gapful armchair nanoribbon. We found the
expected value of zero both in the absence and presence of
disorder.

The TEE result of interacting disordered zigzag graphene
nanoribbons is displayed in Fig. 4 for two values of the ring
width. We see that, as the ring width increases, the numerical
uncertainties decrease. We find that the numerical uncertainty
of the computed TEE is small when the ring width is larger
than !7 (it is estimated by varying the ring width at the fixed
values of the ribbon length and width L′ ∼ 300 and W ∼ 100
and the rectangular ring sizes lzig ∼ 250 and larm ∼ 50).

Except for small values of $/U , the results are independent
of different values of L′, W , Nimp, larm, and lzig. From the
data collapse, we infer that β ≈ 0.016 ± 0.003 and that it is,
within numerical uncertainty, independent of the strength of
the interaction and disorder, i.e., independent of $/U . We
consider this small value of β to be related to the presence
of an exponentially small soft gap in interacting disordered
ribbons [7]. We see from the data that, as the critical point
is approached, $/U → 0, the value of the TEE varies rather
abruptly to zero in a nonuniversal manner [18]. (In limit of
infinitely large systems, the transition should occur discontin-
uously at $/U = 0.)

In conclusion, our numerical work showed that the TEE
of interacting disordered zigzag graphene nanoribbons is
small but finite and universal. Disorder-free interacting zigzag
graphene nanoribbons are in a critical phase that becomes
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U = 2

• Fractional charges exists
• Universal TEE
  [5]
• Spin-charge separation [2]
β = 0.016 ± 0.003

Charge correlation
i) Increase/decrease in occupation numbers are correlated at 

nearly same abscissa  (blue arrows).
ii) Such correlations also exhibit inside ribbon
iii) Mixed chiral gap states contribute to this correlation 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B-edge

Finite-size scaling method

• We have constructed a phase diagram of ZGNRs in the parameter space.
• The phase diagram constructed based on computation of TEE is similar to one obtained by 

analyzing edge charge correlations and existence of fractional charges.

• There exists crossover phases with different properties.
• Physical properties of these crossover phases as well as two non-topological phases, strongly 

disordered and strongly repulsive phases, are delineated.
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