Derivation of Hofstadter’s butterfly
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We consider tight-binding model applied on a square lattice with lattice constant a whose sites are located at
(r,y) = (ma,na). We assume 0 < m,n < L so the system size is N = L?. The system is subjected to an external

magnetic field along z direction, and here we choose the Landau gauge A= (0, Bz,0). In the presence of magnetic
field, the hopping terms transform as
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We hence obtain the Hamiltonian for system as follows
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We will perform the Fourier transformation to the field operators a! and a
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where —2 < k;, k, < 7. Because of the Landau gauge, the hopping term in the z-direction is not affected by the
magnetic field. Its Fourier transformation is therefore straightforward as
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On the other hand, the hopping term in y direction is affected by the magnetic field, it transforms as follow

_tei27ram

E —ikyma—iky(n+1)azt ik;maJrik/ na
7]\[2 e y b . e Y bk;,k?’! —+ h.C

xRy
! !
ka,ky ki, ki

—¢ ) . ) )
== > elkherEmmmagi(k kg —ikapt gy gt hie (5)

ko by kly 2,

_ —ikyaT ikyarT
= E —te v bszw—“,kybkkay —te b U EE br, oy -
Ko ky

(2
Z _tei2mam :[n g1 Gmon +h.c=

The total Hamiltonian now takes the following form
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We notice that k, is being shifted by an amount of 2’;0‘ Let us apply the followmg variable change, k, — k, + 2”°‘m
with 0 < m < L, as a result the first BZ along k, is changed as —al <k, <% One should notice that with such
variable change, if the ratio of unit-cell flux is a rational number, i.e a = p/ q7 » is periodic with period ¢. The
Hamiltonian is rewritten as
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Assume the eigenstates can be written in the form of
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one can derive a system of L equations, in which the m*™ equation is written as
—2cos(ky + 2mam)A,, — e R AL, — P A, = €A, (9)

here e = F/t and a = 1 for simplicity. Before constructing the matrix for general g, we first examine several small-q
cases which can be solved analytically. In the case ¢ = 1 (or @ = ¢/¢o = 1 equivalently), according to the periodic
condition we have Ag = Ap+1 = Ap—_1, the solution of energy is straightforwardly computed as
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In the case ¢ = 2 (or a = ¢/ = 1/2), there are 2 energy bands corresponding to the eigenvalues of the following

2 X 2 matrix
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In the case of general g, there exists exactly g energy bands as they are the eigenvalues of a ¢ X ¢ matrix
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Notice that the periodic boundary condition is encoded by position of e**v at the bottom left of the matrix and its
conjugated element.
I numerically solved the above matrix for various data points of £, and k, to obtain such Hofstadter’s butterfly.



