Lecture Note
Introduction to graphene and
graphene nanoribbons

Hoang-Anh Le
QNS Summer School 2026




Outline

1. Tight-binding model
2. Graphene
3. Zigzag graphene nanoribbons

- PythTB: a python library for tight binding
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1. Bloch theorem

..plane waves modulated by periodic functions

Bloch functions
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1. Wannier functions

The Wannier function is centered at lattice site R Bloch tunctions Wannier functions

1 o Vi {¥) WolX)
W o(r) = J' Jk e—zk-R+l¢(k)Wnk(r) \ :
N JBz \+ \;& oo o o
* ¢(K) reflect the gauge freedom Vi w, (X)
» Choosing ¢(K) to minimize spread gives \ \ +\ +\
maximally localized Wannier functions v \+ \; \#\A N

* Form a complete orthonormal basis

[dr W ()W, gAT) = 0, 0R

(Marzari & Vanderbilt 1997)



1. Tight-binding Hamiltonian

hZ

V* + V(I')] RAT)
2m

Hgrr = (Wrl H| WyR) = Jdr W (T) l—

HR,R’ — Z tR,R’ | WnR><WnR" T Z ER ‘ WnR><WnR ‘
R.R’ R

Or in the second quantization form ﬁTB = Z E; cl c;, + Z i C. C;
l 17

with c; creating an electron in the localized orbital at site i ({¢;, ch} = 0;).



Energy (eV)

1. Take-home message

Energy band of graphene from DFT

electronic states are well described by a set of

orbitals localized at lattice sites

and electrons move by hopping between them

* Wannierization * Eiis L

>

Frozen Window

DFT




2. Graphene

. Carbon: 25%2p?
. sz hybridization — 3 in-plane ¢ bonds (120°)

« One p, orbital per atom, perpendicular to the plane

» Nearest-neighbor hoppingt ~ 2.7 eV



2. Lattice structure

Non Bravais lattice

(two inequivalent sites A, B) Primitive lattice vectors

Nearest neighbor vectors

—

8 = a(1,0), 32:3( 1,v/3), &zg( 1,—/3)

Tight-binding Hamiltonian




2. Band structure In k-space

Fourier transform the fermionic operators = Z e B :
bx VNanit & b
m,n unit k

N ) 0 (k)
Hamiltonian in the k-space: Hyyopene(k) = .
tf*k)y O

3 g2 . . \/gkya
where f(k) = Z koj = =t 1 Dethdl2 cog 5 .

=1

\/3 3
Energy band: £, = *+ t\3 + 2 COS (\/gkya) + 4COS( > kya) cos(akxa> .



2. Band structure In k-space

E,=+t
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Subcritical

» Supercritical

» Linear dispersion £, = + hvy | K]|.
 The Fermi velocity

V3 ta

C raphene is a stronqgly-coupled version of QED
Py = ~ 0.9 X 106 m/s ~ —— . grap giy-eoup
Y 300

Fine structure constant a, & 2.2




3. Zigzag graphene nanoribbon

[ —1 [ [+1 --- 2.2.2 Hamiltonian and symmetries
zigzag edge S . . .
MB The tight-binding Hamiltonian for electrons in ZGNR takes the following forms
O
%0 MA M M—1
:j Hyon-interaction = — tz Z azm,o-bl,m,c)' T Z aj,m+1,o-bl,m,0'
3= l,o \m=1 m=1
g
é m : o tz ( Z a;-,m,o'bl-{-l,m,d + Z a;—l—l,m,obl,mao') + h°C'
e ’ l,oc \1<m<M,m odd 1<m<M,m even
2B (2.12)
2A where [ and m respectively denote unit cell and site in a unit cell, as shown in Fig. 2.3
B o (o0 ={1,}}) denotes spin. In Eq. (2.12), the operators in the upper line share the same
1A unit cell index [ so they correspond to intracell hopping terms. Similarly, the lower ones

correspond to intercell hopping. Note that there are 2M carbon atoms in a unit cell, which



3. Zigzag graphene nanoribbon

2.2.3 Energy bands

To solve its energy bands, one needs to Fourier transform the annihilation and cre-

ation operators along y-direction as follows

(0 )

Al m,c

\bl,m,()')

ikyylm

1
:ﬁ%;e

Hs Z (Aky,l,o' Bk)..,l,O' Aky,2,o' Bky,2,0' )HO'(ky)

kyEBZ

where
( 0 —g O \
—gky 0 —t
HT(ky) =
0 —t 0

2M x2M

ky,1,0
Bky,la
Ao |» @19
Bk),.,20'
, (2.15)

(2.13)

2T



Take-home messages

* Tight-binding model
 Graphene: linear dispersion at Dirac points

e Zigzag (nor armchair) graphene nanoribbon:

localized edge states




